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Introduction
Mechanical systems are always under multiple failure processes including catastrophic failure and degradation failure, due to external shocks and degradation. The two failure processes are dependent and competing with each other. Dependence means one process may have influences on others and competing indicates that occurring of any failures will make the system fail.
Brief literature review
There have been many significant and meaningful researches related to competing failure modeling. We established new model for competing failure by renewing and expanding previous method and conduct new result.
Literatures about shock model mainly focus on the shock process (shock time and shock size) and its influences on system. Finkelstein et al. (2001) considered two types of non-cumulative damage shock models. One is based on the shock level while the other is based on the time interval between two consecutive shocks. System would fail when the damage caused by one shock exceeds a threshold or the time interval is too small. Mallor et al. (2003) extended shock model based on it. The damages caused by shocks to system are cumulative. Even one shock did not lead to the failure of system, the influence caused by it could be kept due to cumulativeness. Gut et al. (2005) expanded the shock model further.
The threshold is a fix value in previous paper, but Gut considered that some shocks may harm the system and lead to the changing of threshold. Accordingly, the failure rate to time would also change. Bai et al. (2006) put forward to a generalized framework for shock models based on cluster point process with cluster marks. Durante (2017) introduced a new class Copula functions to shock models and the failure distributions are studied with dependence and asymmetric linkages considered.
Models for degradation can be classified into two types, the disperse process and the continuous process. Xue et al. (1995) considered systems with multi states. Systems degrade from one state to another state with different parameters and reliabilities. The system reliabilities are calculated at various states. Delia et al. (2006) studied a two-unit cold standby system whose unit goes through a finite number of stages during degradation. For continuous degradation model, there are three ways to describe the process, degradation path model, stochastic process model and statistical model Robinson et al. (2000) built the degradation curve to establish the reliability of units. The parameters are estimated by Bayesian method with little data. Bae et al. (2007) used degradation path to simulate the degradation process material fatigue. Lifetime distribution was well calculated by randomness considered. Zuo et al. (1999) used the random process to build reliability model for continuous state devices. Comparing with the general path model, the random process model has advantages in calculation and analyzing. Kharoufeh (2003 Kharoufeh ( ) (2005 considered the reliabilities of a single-unit system with wear. The system failure when total wear exceeds a threshold. Markov additive process is introduced to model the wear process and an example demonstrates this method. Hsieh et al. (2009) used a non-homogeneous compound Poisson model to describe the degradation. The degradation process is measured at discrete schedule based on which Poisson model is established. Yang (2000) used inspected lifetime data to model the degradation process based on which life-time character was analyzed. Huang (2005) (Peng and Coit 2011) . Jiang and Coit (2012) introduced the shift failure thresholds to competing failure model based on the basic one. Soft thresholds may shift if the shock size is larger than a pre-fixed value. Similarly, Rafiee and Coit (2013) considered the changing degradation rates which may change due to the larger shock size. Besides, Jiang and Coit (2015) classified the shock into three zones, the safe zone, damage zone and failure zone, according their sizes. Shocks in different zones have different influences on system reliability. ) built the competing failure models for the multi-unit systems. In reference (Rafiee 2017) , Coit built the models with mixed factor considered together that make the model complicated and challenging. There are also many other researchers studied the competing failure models. Fan et al. (2017) built a competing failure model in which the degradation process may influence the sizes and rate of external shocks. A sliding spool is chosen as an example to demonstrate the model. Liu et al. (2017) took the self-healing into consideration to build the model. The degradation may have the ability to healing itself which is the highlight in the model. An et al. (2017) built a model for systems under a shock failure and multi degradation failure and all the failures are dependent and competing with each other. Copula functions are used to establish the dependence based on which reliabilities are calculated.
Motivation
The hard failure is caused by external shock which means as soon as the shock size exceeds a threshold the hard failure occurs. The threshold for hard failure can be regarded as the ability to resist the external shocks which should be degraded due to usage. However, few literatures consider this during modeling.
In reference (Jiang and Coit 2012 ) the shifting threshold is caused by specific shock. In practice, the shifting of hard failure is composed by two parts, the instant shifting with time and the shifting caused by specific shocks. There are also engineering practice to demonstrate this. The MEMS (Micro-Electro-Mechanical-Systems), which is chosen as a case in many references, ((Peng and Coit 2011) ; (Jiang and Coit 2012) ; (Rafiee and Coit 2013) ; (Jiang and Coit 2015) ; (Liu et al. 2017) ) is a typical system under competing failure risks. The MEMS experiences the soft failures due to wear degradation and debris from external shocks and hard failures due to pin fracture (Jiang and Coit 2012) .
The wear may cause rub face that leads to soft failures. What's more, the wear will thin the pin so the strength will decrease with the wear process. In other words, the threshold of hard failure reduces with time continually.
There are also other examples to demonstrate the continually decreasing hard failure threshold. The landing gear system of aircraft subjects two risks, soft failure due to crack increasing (fatigue) and the hard failure due to external shocks (landing loads). Increasing crack not only leads to soft failure, but also decrease the ability to resist landing load. In other words, the hard failure threshold decreases.
The model will be complicated and challenging after the continually decreasing hard failure threshold introduced. Supposing there are three shocks at T 1 , T 2 and T 3 , the probability for fixed hard threshold is expressed by 
which is determined just by shock sizes.
If the threshold is continually decreasing, the probability becomes
which is influenced by shock sizes and shock time T (T 1 , T 2 and T 3 ). Comparing with the fixed threshold, the probabilities of decreasing threshold changes with T. Different shock time leads to different probabilities. Generally, shock time is random, making it challenging and hard to conduct the reliability expression. Figure 1 shows the shocks with different thresholds.
The reliability model with continually decreasing hard threshold, which correspond with engineering practice, is established in this paper.
Overview
In this paper, we build a new reliability model for systems under competing failures. During modeling process, the continually decreasing hard threshold is considered.
The main contributions of the present study are:
1 Expanding competing failure model for system under multiple dependent competing failure processes (MDCFP) with instant-shift hard failure threshold considered.
2 Providing analytical reliability formulas for expanded model.
3
Assessing the validity of present model by comparing the failure rate curves.
4
Applying presented model for an engineering practice (a micro-electromechanical systems).
The remainder of this paper is organized as follows. Section 2 is the notation list and system description.
Failure principles and failure processes are introduced. Reliability models are established in section 3, including hard failure modeling, soft failure modeling and system reliability modeling. In section 4, an application example is presented to demonstrate the model. Sensitivity analysis is also studied. Section 5 draws the conclusion and summaries this paper.
Notation list and system description
The notations used in this paper are listed in Table 1 below for a better illustration.
Systems are subjected to soft failure and hard failure which are dependent and competing with each other.
The degradation process, which causes the soft failure, is a continuous random process if there is no external shock just like Figure 2 Once the size is larger than the threshold at time t, the hard failure occurs. Hard threshold means the ability to stand the shocks, so it is decreasing with time. What's more, the external may reduce the ability suddenly. Each shock leads to a threshold reduce Z i .
3 Reliability modeling
Reliability analysis for degradation process
Just as Figure 2 (b) shows, total degradation X s (t) is composed by two parts, the pure degradation X(t) and instantaneous increases Y i s. The linear degradation path is used to model the pure degradation.
Linear is expressed by ( ) X t t = + ϕ γ where φ is the initial degradation and γ represent the degradation rate. Figure 2 (a) shows the pure degradation process when rate γ is a random variable.
Due to randomness of coming time of external shocks, Poisson process is used to model the shocks process. Supposing a homogeneous Poisson process { } ( ), 0 N t t ≥ with intensity λ, the probability that n shocks occurs is ( )
The cumulative increments caused by random shocks is
is the total number that shock occurs until time t. Thus, the total degradation of soft failure process is expressed by
The cumulative distribution of the total degradation is expressed by
R t P X t x P X t S t x N t i P N t i
By a convolution integral, the distribution could be derived as Equ. (4) (Peng and Coit 2011) .
where 
Reliability analysis for shock process
First we consider the fixed hard threshold situation. As shown in Figure 2 ( 
When the hard threshold is shifting, the instant threshold with time should be analyzed before reliability modeling. The time interval of two consecutive events of a Poisson process is subjected to exponential
Poisson process with intensity λ is used to model the shocks process in this paper. Supposing the time interval between ith shock and (i-1)th shock is t i , then t i~ Exp(λ) with PDF , 0 ( ) 0, others
If there is no external shock, the hard failure will not occur and the reliability equals to 1. The probability could be expressed as ( )
The final probability that shock failure doesn't occur is
Further, if there is one shock happens until time t (Figure 3) , the probability that shock failure doesn't occur is expressed as
R t N t t T P W D T N t t T
R 1 is the reliability probability for shock process when there is just one external shock. 
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Similarly, if there are two shocks happening until time t (Figure 4) , the probability that shock failure doesn't occur is expressed as ( ) 
R t N t t T t T P W D T W D Z T T N t t T t T
where T 2 is the time interval between of shock 1 and shock 2 under exponential distribution.
The meaning of this expression is that each shock should be smaller than its hard threshold. 
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With all possible situation (form 0 shock to infinite shocks) considered, the probability that no hard
failure occurs is demonstrated in Equ. (16).
System reliability modeling
As we said above, the system is under two failures, the hard failure and soft failure. Neither the hard failure nor the soft failure occurs if the system wants to keep normal. The system reliability is derived as
Equ. (17).
Failure rate is defined as the proportion of failure during a unit interval. The typical failure rate curve is the famous tub curve. The expression of failure rate and reliability is demonstrated as
Case: an MEMS application
Consider a micro-electromechanical system (MEMS) (Peng and Coit 2011) . The MEMS is subjected to two failures. The first is the visible wear on rubbing surfaces between the gear and the pin joint which may lead to inaccuracy transmission. The wear volume is caused by the aging degradation process and debris from external shocks. The other failure is that the external shocks may cause the catastrophic fracture of the pin if loads led by external shocks are too large. Thus, the MEMS are under soft failure caused by aging and debris from shocks and hard failure caused by fracture of pin.
The parameters for Equ. (17) to do reliability analysis are in Table 2 . According to Equ. (17), the system reliability is calculated which is demonstrated in Figure 5 with parameters in Table 2 . From Figure 5 (a) we can obtain that the reliability for system changes with different speeds at different time t. Figure 5 (b) shows the failure rate which seems like the "tub curve".
Comparing the failure rate curve, showed in Figure 6 calculated by a former model (Peng and Coit 2011) , the tub curve is much closer to engineering practice which demonstrated the advantage of presented model in this paper. Figure 7 shows the threshold H has obvious influences on system reliability and failure rate especially when t is larger than 100000. A smaller threshold H will have a smaller system reliability and higher failure rate than a larger H, after 100000 times. It is also indicated that the smaller the threshold H is, the more likely failure occurs. 
Summaries and future research
The modeling for MDCFP is established with instant-shift hard failure threshold considered. Hard threshold means the ability to resist external shocks which should be degenerate with time. 
